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ABSTRACT

We propose a novel subspace-based direction-of-arrival (DOA) esti-
mation method and an associated planar array geometry optimization
technique. The proposed DOA estimation approach allows to esti-
mate the DOAs of more sources than sensors and to resolve manifold
ambiguities in the case of uncorrelated signals. It is related to the
covariance augmentation (CA) technique, but in contrast to the CA
technique, it can be applied to non-uniform planar array geometries.

Index Terms— Direction-of-arrival estimation, covariance aug-
mentation technique, planar arrays, manifold ambiguities

1. INTRODUCTION

Nonuniform linear arrays (NLAs) are widely used for DOA estima-
tion, because such arrays can provide an increased aperture size as
compared to uniform linear arrays (ULAs) with the same number
of sensors. Therefore, NLAs can provide a substantially improved
spatial resolution capability as compared to ULAs. However, if the
aperture size of an NLA is larger than (N − 1)λ/2, where λ is
the signal wavelength and N denotes the number of sensors, then
manifold ambiguities can occur [1]. These ambiguities lead to a
breakdown of subspace-based DOA estimation techniques such as
the multiple signal classification (MUSIC) algorithm [2, 3]. For spe-
cific classes of NLAs, e.g. for fully augmentable minimum redun-
dancy arrays (MRAs), this performance breakdown can be avoided
by means of the CA technique if the impinging source signals are
uncorrelated [4, 5]. Furthermore, this technique allows to estimate
the DOAs of more uncorrelated sources than sensors. The CA tech-
nique can be generalized to planar array geometries, but the sensors
are required to lie on a uniform grid.

In this paper, we propose an alternative DOA estimation tech-
nique, which also allows to estimate the DOAs of more sources
than sensors (the case called in [6] “superior case DOA estimation”)
and to resolve manifold ambiguities if the signals are uncorrelated.
However, our technique can be applied to non-uniform planar ar-
ray geometries. We also propose an associated planar array geome-
try optimization technique, and demonstrate by an example that this
technique leads to arrays with rather large aperture sizes and, corre-
spondingly, good spatial resolution capability.

The proposed DOA estimation approach first computes an ex-
tended Toeplitz covariance matrix, which corresponds to so-called
virtual Vandermonde steering vectors that contain in their elements
the conventional Fourier basis functions. Subsequently, the source
DOAs are estimated by applying a root-MUSIC-type algorithm to
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the Fourier domain covariance matrix [7]. The proposed technique
is hereafter referred to as Fourier domain covariance augmentation
(FDCA) technique.

2. BACKGROUND

Let us assume that L narrowband signals from far-field sources im-
pinge on a planar array of N omnidirectional sensors. The N × 1
array snapshot vector at time k can be modeled as [8]

x(k) = A(θ)s(k) + n(k), (1)

where the L × 1 vector θ = [θ1, . . . , θL]T contains the unknown
signal DOAs, A(θ) = [a(θ1), . . . , a(θL)] is the N × L steering
matrix, s(k) is the L× 1 signal waveform vector, n(k) is the N × 1
noise vector, and (·)T denotes the transpose. The nth component of
the N × 1 steering vector can be expressed as

an(θ) = ej 2π
λ

(xn sin θ+yn cos θ), (2)

where {xn, yn} are the coordinates of the nth array sensor, θ is the
steering angle, and j =

√−1. In the following, the array manifold
and the number of signals are assumed to be known.

The components of s(k) and n(k) are modeled as independent
zero-mean circularly symmetric complex Gaussian random variables.
The N ×N array covariance matrix can be expressed as [8]

Rx , E(x(k)xH(k)) =

L∑

l=1

a(θl)a
H(θl)Pl + σ2IN , (3)

where Pl is the power of the lth signal, σ2 is the noise power, IN is
the N×N identity matrix, and E(·) and (·)H stand for the statistical
expectation and the Hermitian transpose, respectively. Note that the
signals are assumed to be uncorrelated.

In practice, the array covariance matrix is unknown, but can be
estimated from the received snapshot vectors as

Cx , 1

K

K∑

k=1

x(k)xH(k) = Rx + ∆, (4)

where ∆ denotes the covariance estimation error.
If L < N , then the conventional MUSIC algorithm allows to

estimate the signal DOAs by searching for the L smallest minima of
the MUSIC null-spectrum function [2, 3]

f(θ) , aH(θ)
(
IN − ÊSÊ

H

S

)
a(θ), (5)
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where the N × L matrix ÊS contains the L orthonormal princi-
pal eigenvectors of Cx. If the steering vectors a(θ) have the Van-
dermonde structure, then the search over the MUSIC null-spectrum
function can be replaced by a rooting technique, which provides an
improved performance in scenarios with low signal-to-noise-ratios
(SNRs) and/or closely spaced signals [7, 9].

3. FOURIER DOMAIN COVARIANCE AUGMENTATION
TECHNIQUE

The steering vector components an(θ) are elements of the vector
space L

(2π)
2 of 2π-periodic continuously differentiable functions with

finite norm [10]

‖h(θ)‖2 ,
(∫ π

−π

|h(θ)|2dθ

)1/2

. (6)

The Fourier basis functions

gm(θ) , ejmθ, m = −∞, . . . ,∞ (7)

form an orthogonal basis of L
(2π)
2 . Let

Sa ,
{

h(θ) |h(θ) = αHa(θ), α ∈ CN×1
}
⊂ L

(2π)
2 (8)

denote the subspace that is spanned by the components of a(θ).
Clearly, this subspace depends on the sensor locations.

Let us briefly review a result for uniform circular arrays (UCAs)
with λ/2-spacing between adjacent sensors. Let aUCA(θ) denote
the N × 1 UCA steering vector. It has been shown in [11] that the
Fourier basis functions gm(θ) with |m| < N/2 lie approximately in
the subspace that is spanned by the components of aUCA(θ). Hence,
we can write

gm(θ) ≈ αH
maUCA(θ) ∀ |m| < N/2, (9)

where αm is an N × 1 weight vector. For |m| ≥ N/2, this is no
longer possible. As the dimension of the subspace that is spanned
by the components of aUCA(θ) is less than or equal to N , at most N
Fourier basis functions can lie within this subspace.

It directly follows from (3) that for arbitrary array geometries

vec(Rx) =

L∑

l=1

Plb(θl) + σ2vec(IN ), (10)

where vec(·) is the vectorization operator that stacks the columns of
a matrix on top of each other, and b(θ) , vec(a(θ)aH(θ)) is an
N2 × 1 vector. The components of b(θ) can be expressed as

bk+(l−1)N (θ) = ej 2π
λ

((xk−xl) sin θ+(yk−yl) cos θ) ∈ L
(2π)
2 . (11)

Hence, these components depend on the displacements between the
sensors. Let Sb denote the subspace that is spanned by the compo-
nents of b(θ). As there are at most D , N2−N +1 different sensor
displacements, the dimension of Sb is at most D. Since D À N , it
can be expected that significantly more than N Fourier basis func-
tions can be made to approximately lie within Sb by an appropriate
choice of the sensor locations. Then, N2×1 extended weight vectors
wm can be determined so that

gm(θ) = wH
mb(θ) + δm(θ) ∀ |m| < M, (12)

where M À N , and δm(θ) is a small approximation error. As
the Fourier basis functions are orthogonal, an upper bound on M

directly follows from 2M − 1 ≤ D. The choice of sensor locations
and weight vectors wm will be discussed in Section 4.

Let the M ×M matrix R̃x be defined as

R̃x ,
L∑

l=1

Plã(θl)ã
H(θl), (13)

where ã(θ) , [1, g(θ), g2(θ), . . . , gM−1(θ)]T is an M ×1 Vander-
monde vector, which can be interpreted as a virtual steering vector.
The superscript˜ is used to indicate Fourier domain variables. Since
R̃x is Toeplitz and Hermitian, it is fully determined by the entries
in its first column. It directly follows from (10) and (12) that the
(m + 1)th entry in the first column of R̃x can be expressed as

[
R̃x

]
m+1,1

=
∑L

l=1 Plg
m(θl)

= wH
mvec(Rx − σ2IN ) +

L∑
l=1

Plδm(θl).
(14)

Assuming that the sensor noise power is known, [R̃x]m+1,1 can be
estimated as

[
C̃x

]
m+1,1

, wH
mvec(Cx − σ2IN ), (15)

where the approximation error is given by

[
C̃x − R̃x

]
m+1,1

= wH
mvec(∆)−

L∑

l=1

Plδm(θl), (16)

and C̃x is an M × M Hermitian Toeplitz estimate of R̃x. The
essence of the proposed FDCA technique is to estimate the source
DOAs by applying the root-MUSIC algorithm to C̃x.

Note that L ≤ M pairwise different vectors ã(θ) are always lin-
early independent due to the Vandermonde structure of these vectors.
As g(θ) is one-to-one on the interval [−π, π), virtual manifold am-
biguities cannot occur if L < M . Consequently, the root-MUSIC
algorithm allows to exactly recover the source DOAs from R̃x if
L < M . Hence, if C̃x is a sufficiently accurate estimate of R̃x,
then the FDCA technique can estimate up to M − 1 source DOAs.
In particular, the FDCA technique allows to estimate more source
DOAs than sensors if M > N + 1.

A manifold ambiguity occurs if R(A(θ)) = R(A(θ̄)), where
θ̄ = [θ̄1, . . . , θ̄L]T is another vector of L < N DOAs with at least
one DOA that is not contained in θ, and R(·) is the column space
operator. In this case, the MUSIC null-spectrum function of Rx has
nulls at all angles θl and θ̄l, l = 1, . . . , L. The spurious nulls lead to
outliers among the DOA estimates of the MUSIC algorithm applied
to Cx. However, such an ambiguity does not occur for the virtual
steering vectors if M ≥ N , because L + 1 ≤ M different Vander-
monde vectors ã(θ) are always linearly independent. Consequently,
R(Ã(θ)) 6= R(Ã(θ̄)), where Ã(θ) , [ã(θ1), . . . , ã(θL)] is the
M×L virtual steering matrix. The FDCA technique therefore allows
to resolve manifold ambiguities, similar to the CA technique [5].

The DOA estimation mean-square-error (MSE) performance of
the CA technique is often significantly worse than the stochastic
Cramér-Rao lower bound (CRLB) due to estimation errors in the
augmented covariance matrix [6]. As the CA and FDCA techniques
construct extended Toeplitz covariance matrices in a similar way, it
can be expected that also the FDCA technique does not achieve the
stochastic CRLB. However, the DOA estimates of both the CA and
FDCA techniques can be refined efficiently by a local maximization
of the likelihood function as suggested in [6] in application to the
CA approach.
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4. ARRAY GEOMETRY OPTIMIZATION

The performance of the FDCA technique depends on the accuracy
and the dimensionality of C̃x. We first discuss the optimization of
the array geometry and weight vectors wm for a fixed value of M ,
and subsequently discuss the choice of M .

One approach to achieve a small approximation error in (16)
is by minimizing the norm of wm subject to the constraint that
‖δm(θ)‖2 ≤ εm‖gm(θ)‖2, where εm is a user-defined parameter
which controls the approximation accuracy. To formulate the latter
constraint in a finite convex form, let us sample gm(θ) and b(θ) at
θ̆t = 2π(t− 1)/T for t = 1, . . . , T . Using (12) and the notations

gm , [gm(θ̆1), . . . , g
m(θ̆T )] and B , [b(θ̆1), . . . , b(θ̆T )],

we obtain the constraint

‖gm −wH
mB‖2 ≤ εm

√
T , (17)

where ‖·‖2 in (17) denotes the Euclidean vector norm. The parame-
ter T has to be chosen sufficiently large such that the Nyquist sam-
pling criterion is satisfied for gm(θ) and all components of b(θ).
Note that (17) can be satisfied if and only if

‖gm(IT − P BH )‖2 ≤ εm

√
T , (18)

where P BH is the orthogonal projection matrix onto R(BH).
The array geometry and weight vectors wm can be optimized

jointly by solving

min
dx,dy,wm

∑M−1
m=0 ‖wm‖2

s.t. ‖gm −wH
mB(dx, dy)‖2 ≤ εm

√
T

∀ m = 0, . . . , M − 1,

(19)

where we emphasize for clarity the dependency of B on dx ,
[x1, . . . , xN ]T and dy , [y1, . . . , yN ]T . For fixed values of dx

and dy , the optimization of the weight vectors wm is a convex prob-
lem, which can be solved efficiently by M one-dimensional searches
over Lagrange parameters. The minimization with respect to dx

and dy is a non-convex problem. In our simulations, we employ
an evolutionary algorithm to obtain (locally) optimum values for dx

and dy . Note that (19) is typically optimized off-line, so the high
computational complexity involved with the genetic search is not a
severe practical limitation. Furthermore, note that (19) can be mod-
ified straightforwardly to take into account application-specific con-
straints on the sensor locations.

As explained in Sec. 3, the value of M should be as large as pos-
sible, provided that a close approximation of R̃x can be obtained.
However, (19) may be infeasible or feasible only for large norms of
wm if M is chosen too large. Therefore, we search for solutions
of (19) for different values of M , and choose the result for the max-
imum M such that all norms of wm are below some user-defined
threshold ξ. Note that the conventional CA technique uses similar
weight vectors with norm 1/

√
J , where J is the degree of redun-

dancy, which is typically equal to one for an MRA. Hence, ξ may be
chosen heuristically as 1 . . . 5.

The Fourier series expansion allows to write

bk+(l−1)N (θ) =

∞∑
m=−∞

β(k,l)
m gm(θ), (20)

where the Fourier series coefficients are given by [10]

β(k,l)
m , 1

2π

∫ π

−π

bk+(l−1)N (θ)g−m(θ)dθ. (21)

If the distance between the kth and the lth sensor locations is small,
then |β(k,l)

m | decreases rapidly with increasing |m|. Hence, if M is
large and if all distances between the sensors are small, then it is
impossible to approximate gM−1(θ) with a small norm of wM−1.
Vice versa, a large value of M implicitly enforces a large sensor
array aperture.

From (14), we obtain

[
R̃x

]
m+1,1

=

∫ π

−π

Φ(θ)gm(θ)dθ, (22)

where

Φ(θ) =

L∑

l=1

Plδ(θ − θl) (23)

is the angular power density, and δ(θ) is the Dirac delta. Conse-
quently, the components of R̃x/(2π) are Fourier series coefficients
of Φ(θ). The proposed array geometry optimization approach there-
fore attempts to maximize the number of Fourier series coefficients
of Φ(θ) that can be accurately estimated from Cx.

5. SIMULATION RESULTS

In this section, we evaluate the performance of the FDCA technique.
We assume an array of N = 9 sensors. The array geometry and
weight vectors wm are determined as explained in Sec. 4 using
εm = 10−2 for all m and ξ = 3.

Fig. 1. Array geometry (the sensor locations are depicted by the
crosses). The circle shows as a reference the size of a UCA with the
same number of sensors and λ/2 spacing between adjacent sensors.

Figure 1 depicts the sensor locations for M = 24. For compari-
son, we also draw the circle on which the sensors of a UCA with λ/2
spacing between adjacent sensors would be located. The comparison
shows that the proposed array geometry has a rather large aperture
size, and therefore provides improved spatial resolution capability as
compared to the UCA with λ/2 spacing between adjacent sensors.
The following simulation results are averaged over the sources.

In our first example, we consider the case of more signals than
sensors. In this case, it is not possible to estimate the signal DOAs
by applying the MUSIC algorithm to Cx. We assume that L = 12
equal-powered signals with SNR = 0 dB impinge on the sensor
array from the DOAs θl = (l − 1)15◦(π/180◦). Figure 2 shows
that the FDCA technique reliably estimates all signal DOAs. As ex-
pected, the FDCA technique does not achieve the stochastic CRLB.
The root-mean-square-error (RMSE) of the FDCA estimates is close
to the standard deviation, so the approximation errors in (12) do not
lead to significantly biased DOA estimates. Figure 2 also demon-
strates that the RMSE performance of the refined FDCA estimates,
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Fig. 2. DOA estimation performance for more sources than sen-
sors. Solid line with crosses: RMSE of the FDCA estimates. Solid
line with squares: Standard deviation of the FDCA estimates. Dash-
dotted line: RMSE of the refined FDCA estimates, based on a lo-
cal maximization of the likelihood function. Dotted line: Stochastic
CRLB.

obtained by a local maximization of the likelihood function, is close
to the stochastic CRLB.

In our second example, we consider a scenario with a mani-
fold ambiguity. We assume L = 6 equal-powered sources with
θ = [−3.044,−1.584,−1.007,−0.296, 0.913, 1.324]T . A mani-
fold ambiguity occurs, because a(1.586) lies approximately within
R(A(θ)). Consequently, the MUSIC null-spectrum function of Rx

has a spurious null at θ = 1.586, which leads to outliers among the
DOA estimates of the MUSIC algorithm. We compare the perfor-
mance of the FDCA technique with the performance of the Capon
DOA estimation technique [8]. The array covariance matrix is es-
timated using K = 250 independent snapshot vectors. Figure 3
demonstrates that the FDCA technique reliably resolves the mani-
fold ambiguity, and that the local refinement of the FDCA estimates
allows to efficiently obtain a DOA estimation performance that is
close to the stochastic CRLB. However, Fig. 3 also shows that the
Capon estimator outperforms the FDCA technique for most of the
SNR values, which is typically the case in scenarios with less sources
than sensors. The main benefit of the FDCA technique is therefore
that it allows to estimate the DOAs of more sources than sensors.

6. CONCLUSION

The proposed subspace-based DOA estimation technique general-
izes the conventional covariance augmentation technique to non-
uniform planar array geometries. A new approach to the optimiza-
tion of planar array geometries has been proposed based on our DOA
estimation method. Simulation results show that the proposed tech-
nique allows to estimate the DOAs of more uncorrelated sources than
sensors, using only second-order statistics of the received data.
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