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Direction of Arrival Estimation

The problem at hand:
Estimate the direction of a signal from the received signals

The DOA estimation problem.



Direction of Arrival Estimation

Problem description:

* A set of incoming signals

* Incoming signal direction, g;

* A linear, equispaced antenna array with N elements



Direction of Arrival Estimation

Difficulties faced

 No of incoming signals unknown
 Unknown direction and amplitude
 The signals are corrupted by noise

Assumption:

« Number of unknown signals is M
e M<N
 White Gaussian Noise



CRB for DOA Estimation

X=v(#)+n

X is length-N vector of received signals

0 = [, 6, ..., 0p]" isthe set of parameters
v is a known function of parameters

we know that, var(f,) = J;ﬁ

where

& o
Ji; = E {EJH,&UH}- In fx |_}L_,.-'E',|]}

J is the Fischer Information Matrix



CRB for DOA Estimation

 Assuming a single signal corrupted by noise,
X = as(d) +n
where s is the steering vector of the signal
n is zero mean Gaussian with covariance I

Assuming @ = ael®
6=1a, b ol

In our case
viB) = as(d)

x(x/8) = e xR (x—v)



CRB for DOA Estimation
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The CRB for the DOA Estimation problem is therefore,

P % -1
var(g) = [L ({JUE)]

e
2N (N2 — 1)(kd)2 sin? ¢
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DOA Estimation using MUSIC

MUSIC: MUItiple Slgnal Classification

¥ = Sa+n

The matrix Sis a N x M matrix of the M steering vectors

S = [s(¢1)s(da) ..., s(da)]

o = [, g ... tl,’[j‘]T

The correlation matrix of x can be written as

R = E [xx]
= E [SLTLTHSH] +E [1111H]
= SASHY 1M1
= Re+c%0



DOA Estimation using MUSIC

* R.is Nx M matrix with rank M
* |t has N - M eigenvectors corresponding to zero eigenvalue
* Letgq,, be such an eigenvector

Riqm = S*ASH':lm=r*-l
clfaS-ASHQ?n = U

SH{Im = U

This implies that all N — M eigenvectors (q,,) of R, corresponding to
the zero eigenvalues are orthogonal to all M signal steering vectors



DOA Estimation using MUSIC

* Letg, bethe Nx(N—M)matrix of eigenvectors of R,
e The pseudo - spectrum is given by

1 1 1

Pyusicl @) = —= = — = :
| Z“;;{LI |r::H|L|:'J':I(lrn|2 sH |.'5-'","':~2n{~!§-‘5|. @) ||[:EE.‘:'~IL{'J.] | |2

* The eigenvectors making up Q, are orthogonal to the signal
steering vectors

 The denominator becomes zero when @ is a signal direction

* The estimated signal directions are the M largest peaks in the
pseudo — spectrum



DOA Estimation using MUSIC

e Estimating the eigenvectors in Q, from the eigenvectors of R
* For any eigenvector q,, € Q,

R qQm — J'tflm

= Rayn = Ryay+0'lqy,

= (Am+ "TE.] qm

Therefore any eigenvector of is also an eigenvector of R
The corresponding eigenvalue A + o2

f R:=QAQF then R = Q[A+0%1]Q"



DOA Estimation using MUSIC

We can partition the eigenvector matrix Q into a signal matrix
Q. and noise subspace Q,

The M columns of Q, correspond to the M signal eigenvalues
The N — M columns of Q, correspond to the noise eigenvalues

The m-th signal eigenvalue is given by

Am + 0% = Njam|? + 02

By orthogonality of Q, Q, is orthogonal to Q,



DOA Estimation using MUSIC

e We saw that all noise eigenvectors are orthogonal to the
signal steering vectors

This is the basis for MUSIC

1 B 1
Z:;?:_:ﬂ f41 LEEIEIE sH(0)QnQHs(d)

Pyusic(@) =

where q,, is one of the (N — M) noise eigenvectors

|f g is equal to DOA of one of the signals, the denominator is zero
*MUSIC identifies the peaks of the function P,, . (2) as the
directions of arrival



Root — MUSIC: Model Based
Parameter Estimation

In MUSIC accuracy is limited by the discretization at which
P,usic (@) is evaluated

It requires human interaction or a comprehensive search
algorithm to determine the peaks

The Root - MUSIC method results directly in numeric values
for the estimated directions

It uses a model of the received signal as a function of the DOA
The DOA, @, is a parameter in this model.

Based on this model and the received data the parameter is
estimated



Root — MUSIC: Model Based
Parameter Estimation

e We use steering vector as the model

e Assuming the receiving antenna is the linear array of
equispaced. isotropic elements

. 1171
s(g) = [1. z, :‘2. :’% 1]
- f,,_i;.in'd-i't:-:'-c,b
N—1
. H * n ;o
= Oms = E : Umn< = Gml=)
n=0

* The inner product of eigenvector q,, and the steering vector
s(@) is equivalent to a polynomial in z

e For dm L s(@) m=(M+1),...,N, we are looking for the roots
of a polynomial



Root — MUSIC: Model Based
Parameter Estimation

e The polynomial we use is given by

—1 P Hy o H ;o
Pynsiele) = s7(0)QaQ), s( @)
— sH(8)Cs(e)
where c=qQ,Qr
N—-1N-1 N—-1N-1
1 R T n—ml
= PMUEIH'LQ-I — Z Z'* Cmn? Z 2
m=0 n=0 m=0 n=>0
(N+1]
: _ B L
Taking [=n—-—m, FMUSIEWJ = Z Oz
[=—({N-1)
G = Y Com
n—m=I
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Root — MUSIC: Model Based
Parameter Estimation

The polynomial obtained is of degree (2N-2)
If zis a zero of the polynomial then sois 1/z°

z and 1/z" have the same phase and reciprocal magnitude
hence both carry the same information

One of these two lie within the unit circle

Of the (N — 1) roots within the unit circle chose the M closest
to the unit circle (z,,, m=1,...,M)



Root — MUSIC: Model Based
Parameter Estimation

 We obtained the directions of arrival using
Slnlz,)
.'!,l."ff'lr

 As Root — MUSIC only worries about the phase of the roots,
errors and the magnitude are irrelevant

b = cOs 1 l ] , m=1, ... M



THANK YOU
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